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I In this brief review we discuss the viability of a multidimensional geometrical theory 

with one compactified dimension. We discuss the case of a Kaluza Klein fifth dimensional 
I theory, addressing the problem by an overview of the astrophysical phenomenology asso- 

• ciated with this five dimensional theory. By comparing the predictions of our model with 

the features of the ordinary (four dimensional) Relativistic Astrophysics, we highlight 
some small but finite discrepancies, expectably detectible from the observations. We con- 
sider a class of static, vacuum solutions of free electromagnetic Kaluza Klein equations 
with three dimensional spherical symmetry. We explore the stability of the particle dy- 
^ namics in these spacetimes, the construction of self gravitating stellar models and the 

. emission spectrum generated by a charged particle falling on this stellar object. The 

matter dynamics in these geometries has been treated by a multipole approach adapted 
5^ to the geometric theory with a compactified dimension. 

Keywords: Kaluza Klein theory; Dimensional compactification; Multipole expansion; 
Emission spectra 
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1. Introduction 

Geometrical extra dimensional theories represent a good candidate for the GUT 
(Great Unification Theory) DH, being often used in this framework in attempt to 
find a unified theory of the four fundamental forces through the geometrization of 
the other fields in addition to the gravity as described by General Relativity. These 
theories are also used in the development of theoretical models of the evolution of 
our Universe as emerging from the observation, in fact many cosmological theories 
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have been derived, considering an implementation of an higher dimension number 
than the four of the orig inal Einstein model (j 3 l 4 l 5 l 6 l 7 j). 

On the other hand, the recent results of the LHC experiments are still the subject 
of many debates and theoretical studies aimed at finding a data interpretation in 
terms of a possible multidimensional scenario compatible with the recent constraints 
(see for examplel 8 ! 9 ! 10 ! 11 ! 12 ! 13 ! 14 ! 15 ]). Therefore there is a great interest in providing a 
theoretical model able to explain the role of the extra dimensions and their meaning 
in a world that looks like a four dimensional one, but up to now no experimental 
evidence could outline a signature of extra dimensions but they could simply fix 
restriction on the existing proposals (see for example I 16 ! 17 ! 18 ! 19 ! 20 ! 21 ! 22 ! 23 ] anc j a l so 

|24|25|26|27ty 

This paper participates this discussion by presenting a series of recent develop- 
ments on the possible observational scenarios provided as available from the Uni- 
verse observation, that could lead to an analysis of the observed phenomena in terms 
of multi dimensional models. 

In I 28 ! 29 ! 30 ! 3 !! 32 ] it has been taken into account the dynamics of moving bodies 
subjected to strong gravitational fields, and it was studied the test particle motion 
in view of further developments in the exploration of the extended matter behavior 
in this context, as the accretion disks around compact objects in a possible multi 
dimensional Universe. Actually we explore the very distant objects by the observa- 
tion of their emission spectra, and the jets in the electromagnetic band like x ray or 
gamma ray etc. Many of these phenomena, like GRBs for example, are today still 
being explored. The origin on these high energy phenomena is generally associated 
with the initial stages of the development in the birth of a black hole, but they are 
far from being well understood in a satisfactory model. We look at these phenom- 
ena as fruitful environment in which we can highlight the details attributable in 
general to theories alternative to the Einstein's one. Finally as outlined in ED the 
study of the multidimensional stellar structure could be an interesting investigation 
area of the main astrophysical implications of the higher dimensional gravity. This 
extra dimensional star model should provide a usually star as observed in the ap- 
parent four dimensional (4D) Universe, but with some peculiar characteristics due 
to the presence of an extra dimension which regulates the structure, the equilibrium 
configuration and possibly its evolutionary history towards its final stages, see also 

|33|34|35|36] 

However besides the problem of the experimental proof of the existence of a 
possible extra dimension there are several subtle issues related to these theories. 
Firstly it should be clearly explained why one does not perceive the presence of 
one or more extra dimension as provided by the theory. There are several viable 
proposals to this question, and the two main different elaborations of this problem 
consists on one hand in the assumption of a very large extra dimensional size and 
on the other hand the conjecture of a very small extra dimension, that is below 
the Planck scale 37 38 39 , for example this is the case of the 5D Kaluza Klein (KK) 
models. This is accomplished in different ways, however, we refer in this paper to 
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the compactification of the extra dimension. In general, the Kaluza Klein models 
provide the geometrization of the electromagnetic field coupled with the gravita- 
tional one. In this review we consider a free electromagnetic 5D KK model with 
a scalar field associated to the extra dimensional component of the metric which 
regulates its the size and dynamics. These theories are characterized by the gauge 
invariance (spacetime symmetry) implemented by the invariance for translations on 
the compactified fifth dimension, representing the internal U(l) gauge symmetry 
via an isometric group. Nevertheless, the test particle dynamics constitutes a signif- 
icant shortcoming known as the charge to mass puzzle: because of the huge massive 
modes arising near the Planck scale, it is possible to recover the particle motion but 
at the cost of the charge to mass ratio not matching with any observed particle. 

It was recently proposed a revision of the dynamics in KK theories with com- 
pactified dimensions that seems to solve this problem without affecting the correct 
representation of the reduced 4D physical Universe^! specifically it has been taken 
into account a definition of a 5D particle as a localized matter distribution in the 
ordinary 4D spacetime but as a delocalized one on the fifth dimension. This starting 
point leads to a different definition of mass which solves the charge to mass puzzle: 
the procedure of the dimensional reduction from the 5D to 4D dynamics is based 
on a Papapetrou multipolc expansion of a 5D energy momentum tensor which is 
supposed to be picked along a 4D world tube. Here we take into account a family 
of solutions of the KK equations in vacuum, known as Generalized Schwarzschild 
spacetime (GSSjUEEH These metrics are generally interpreted as an extension of 
the Schwarzschild spacetime to a 5D scenario, because in appropriate limits on the 
family parameters on the slice X5 = const (the 4D metric counterpart), the GSS 
tensor reduces to the Schwarzschild metric. 

The particle motion has been addressed in ^ using an effective potential ap- 
proach. The test particle dynamics, circularly orbiting around a compact object is 
studied as a ID nonrelativistic motion, governed by an effective potential which 
encloses the gravitational field, the centrifugal force and the effects due to the size 
variation of the extra dimension. We review the morphology of the circular motion 
by fixing the last circular orbit radius and the last stable circular orbits radius 
of charged and neutral test particles. These studies show that even in this simple 
spacetime model, some small but finite deformations of the physics with respect to 
the prediction of the 4D model appear. It is finally interesting to note that a defor- 
mation was found in ^ j n th. e emission spectrum generated by a charged particle 
falling in a GSS towards the surface of a stellar object. Therefore the extra dimen- 
sional phenomenology of an Astrophysical setting could be an valuable environment 
in which searching for the signature of an extra dimension presence. In fact, the ad- 
ditional extra dimensional produces a nontrivial departure from the dynamics in the 
corresponding 4D counterpart of the GSS. We believe that this modification from 
the results expected in the 4D model can be even more evident in the dynamics of 
the extended matter configurations, for example in accretion disk scenarios. 

The aim of this review is to focus attention on the possibility to highlight fi- 
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nite and observable effects from the presence of an extra dimension, by using an 
astrophysical scenario. The basic idea is that the emitted radiation is produced 
in a region of the space, near the compact 5D star, where this dimension is not 
compactified on a Planckian scale and therefore it affects the phenomenology of 
the emitting source, but there features are detected at very large distance, where 
the space resembles an Euclidean (asymptotically flat) one endowed with an un- 
observable compactified dimension. In this sense, the astrophysical setting offers 
the most natural arena for investigating the phenomenology of extra dimensions: 
the elementary particles (photons or more in general cosmic rays) are detected in 
the ordinary four dimensional Minkowski spacetime, where no direct measurement 
of the additional dimensions could be physically allowed, but they bring together 
information of the multi dimensionality of the spacetime region where it was pro- 
duced. The present analysis, putting together different results present in the litera- 
ture and providing them with a precise link, defines the necessary algorithm to use 
this powerful investigation scenario. The fundamental steps can be summarized as 
follows: i) a satisfactory paradigm to interpret the four dimensional matter (parti- 
cle) phenomenology in term of the geometrical structure of the extra space, ii) the 
multidimensional version of a compact astrophysical object (star or black hole); as- 
sociated with an interior or vacuum solution of the spherically or axially symmetric 
problem; iii) the detailed calculation of the particle energy spectrum as predicted 
by the phenomenology nearby the surface (or horizon) of such generalized sources. 

Limiting the attention to a pure 5D Kaluza Klein scenario, this review successes 
in achieving all these three steps and therefore it constitutes a valuable framework, 
following which more general investigation can start up. 

This paper is structured as follows: In Sec. ^ we illustrate the main character- 
istics of the 5D KK model and we discuss the test particle motion in the KK theory 
according to the standard approach. In Sec. ^ the alternative scenario for the mat- 
ter behavior in KK compactified theories is introduced by Papapetrou's approach. 
We discuss the resulting formulation of the motion and the KK field equation. 
Generalized Schwarzschild spacetime (GSS) is introduced in Sec. Q. Test particle 
dynamics in this spacetime is explored in Sec. Star models in the 5D KK theories 
are introduced in Sec. The study of the spectral emission of charged particles 
radially infalling in a GSS spacetime is discussed in Sec. 0. Finally Sec. ^ closes 
this paper with the discussions and future perspectives. 

2. Five dimensional Kaluza Klein model 

In this paper we investigate the astrophysical systems in the scenario envisaged by 
the 5D KK models, and looking for evidence that the 4D Universe would emerge as a 
dimensional reduction of the KK spacetime. Therefore this KK hypothesis requires 
the process of the dimensional reduction be satisfactory addressed. The fundamental 
requirement to make unobservable the fifth dimension is the existence of a closed 
topology which allows to compactify the spacetime. The basic request to deal with 
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a closed topology is the periodicity of the metric field on the fifth coordinate, which 
allows to expand the Einstein Hilbert action in Fourier series and so to develop the 
dynamics of the different harmonics. This approach is intrinsically different from 
the cylindricity condition, due to Kaluza, which prescribes the independence of the 
metric tensor by the fifth coordinate, directly within the field equations. However, 
if we truncate the Einstein Hilbert action to the zero order and, we impose the 
closure of the fifth coordinate in the field equations independent of X5, the two 
approaches formally overlap. In fact, the variation of the zero order Lagrangian, 
after the integration on the extra coordinate has been performed coincides without 
further restrictions with the Einstein equations. 

Thus, the KK spacetime is a 5D manifold M (s) , direct product M (4,) ® S (1) , 
between the ordinary 4D spacetime Ai w and the space like loop S {1> l 46 l 47 l The 
size on the fifth dimension is assumed to be below the present observational bound 
or L s = J dx 5 -y/— S55 < 10~ 18 cm, we here refer to this assumption as the "Com- 
pactification hypothesis", and the metrics components do not depend on the fifth 
coordinate (Cylindricity hypothesis): this hypothesis can be realized assuming we 
are working in an effective theory at the lowest order of the Fourier expansion along 
the fifth dimension S3. 

Moreover it is assumed that the (55) metric component is a scalar (g 55 = —(j) 2 ). 
In this way the evolution of size of the fifth dimension, is entirely controlled by 
the dynamics of a geometrized real scalar field. According to the KK dimensional 
reduction the 5D line element readf]as follows: 

ds 2 5) = g^dx^dx" — <fi 2 (dx 5 + ekA^dx^) 2 , (1) 

represents the 4D vector potential and is the 4D metric tensor; ek is a 
dimensional constant such that e 2 k 2 = (4G)/c 2 , where G stays for the 4D gravita- 
tional constant. In general the KK setup is characterized by the breaking of the 5D 
covariance and the 5D equivalence principle even if the translations along the 
fifth dimension are allowed to realized the abelian gauge invariance of the electro- 
magnetism implemented in the KK model as a coordinate transformation in S^. 

2.1. Particle motion in Kaluza Klein theory: the standard 
approach 

In the standard, namely "geodesic" approach, the matter dynamics in the KK the- 
ories is generally faced assuming the existence of a 5D point like test particle in 
7\/f( 5 ) . Inl 40 l 41 l 4 Hthis assumption has been revisited and the validity of a model with 
a point like particle in a compactified dimension is criticized. 

a With latin capital letters A we label the 5D indices, where they run in {0,1,2,3,5}, Greek 
and latin indices a run from to 3, the spatial indexes in {1,2,3}. We consider metric of 

{+, —,—,—,—} signature. We adopt coordinates x^ for the ordinary 4D spacetime while x 5 is the 
angle parameter for the fifth circular dimension. 
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The geodesic approach relies on the assumption that the 5D particle motion is 
regulated by a 5D Klein Gordon dispersion relations P A P A — W( 5 ), where P A is 
the 5 momentum and m (5) is a constant mass parameter associated to the particle, 
in particular the component P 5 is conserved and it defines the particle charge by 
the q = V4GP & where P^P^ = m 2 + P 2 /(j) 2 , the 5D velocities oj a and the 4D 



— ""(5) 

velocities u A are defined respectively as u A = dx A /ds (5) , u A = dx A /ds, with w A = 
au A and g AB uj A Lu B — 1, g a i,u a u b = 1, where the a parameter reads a = ds/ds {5) , 
and ds {ds {5) ) states for the 4D (5D) line element. The dimensional reduction of the 
equation of motion (the 5D geodesic: oj a (5) V A w B = 0) is recovered, furthermore the 
cylindric condition provides a constant of motion in agreement with the existence of 
the Killing vector (0, 0, 0, 0, 1). The mass parameter m (5) is assumed to be constant. 
The dimensional reduction leads to the set 



u a ^ a u b = ek " 5 _ F bc u c + ± (u b u c - g bc ) d t 

where F a {, — d a Ai, — di,A a is the Faraday tensor. Hence, in the standard scenario a 
free 5D test particle becomes a 4D interacting particle, whose motion is described 
by Eqs. (2). 

We note that in particular for lu 5 = (neutral test particle case) Eq. § be- 
comes a geodesic one. Moreover, even in a free electromagnetic scenario, the charged 
particles (with u; 5 ^ 0) do not follow in general a geodesic motion, being coupled 
with the extra dimensional scalar field by a ui^ function. There is in fact in Eq. Q 
a force term determined by the electromagnetic field (no more geometrized in the 
4D scenario reduced from the 5D KK model) and by the scalar field dynamics. Any 
variation of the fifth dimension size appears as a force on the particle motion in the 
4D Universe. With a constant scale factor the last term on the right side in Eq. ^ 
vanishes. The coupling factors are functions of uj$ , in particular the electrodynamic 
(EM) coupling factors, in terms of the effective particle charge to mass ratio g/m (5) 



(4) 



m. 



Noticeably the right side of Eq. Q is in general no constant and it is always upper 
bounded. Even if one sets </) = I, that is within the assumption that the extra 
dimension has a constant size, it is q < m (5) which is unacceptable for every known 
elementary particle. This problem is related to the huge massive mode of the KK 
tower fl 40 l 41 l 42 l) . The alternative dynamic model, discussed in the next section seems 
to solve in particular this problem. 
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3. Alternative scenario: the Papapetrou's approach 

3.1. Papapetrou approach to the particle dynamics in the Kaluza 
Klein model 

Inl 40 l 41 l 4 H a new proposal for the matter dynamics in the KK model is given, adopt- 
ing a Papapetrou multipole expansion within the compactification hypothesis: 
extending the cylindricity hypothesis to a generic 5D matter tensor it is assumed 
that the particle is described as a localized source in M (4) but still delocalized along 
the fifth dimension. This hypothesis relays on the idea that, since the fifth dimension 
is compactified to Planckian like scales, it makes no sense to handle with a classical 
fifth component of the particle velocity and therefore this leads to the treatment of 
the matter sources through the energy momentum description. Such a point of view 
leads to adopt a Papapetrou scheme^ to fix the dimensionally reduced equation of 
motion for fields and the matter. Performing the dimensional reduction either for 
the metric fields and the matter it is provided a consistent approach that removes 
the problem of huge massive modes, hence a consistent set of equations is wrote^l. 

First a 5D energy momentum tensor ^Yf AU is associated to the generic 5D matter 
distribution governed by the conservation law <5> V A (5) 7 _AB = and not depending 
on the fifth coordinate, thus 85 <5) 7~ AB = (here <5) V is the covariant derivative com- 
patible with the 5D metric). Performing a multipole expansion of (5> T AB , centered 
on a trajectory X a , the lowest order of the procedure gives the equation of motion 
for a test particle: 

The coupling factors are the charge q, coming from the current vector and the scalar 
charge A as follows, 




^ (5 T°°, <b/=g2T 1 "' = J dsmd 4 (x - X) u»u", (6) 
ek^Tg = J dsqS 4 (x - X) u" = y/^J 1 *, (7) 
A = u" I d a xV=gl<P (5 %5, 4>y/gFm = I dsAS 4 (x-X), (8) 



these relations provide also the definitions for coupling factor m, q, A and the 
according definitions for the effective test particle tensor T AB = T AB l (5 ) and ek 
reads (ek) 2 = 4G/c 2 , where g± is the determinant of the 4D metricHnEH The Eq. Q 
describes the motion of a point like particle of mass m in the 4D spacetime, coupled 
to the electromagnetic field through the charge q and to the scalar field by the new 
quantity A. The continuity equation (4) V^ t — 0, derived within the procedure 
itself, implies that charge q is conserved. The parameter m correctly represents 
the mass of the particle, which turns out to be localized just in the ordinary 4D 
space, as it is envisaged by the presence of a 4D Dirac delta function in the above 
definitions. It can be proved that the KK tower of massive modes is suppressed, 
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and the q/m ratio is no more upper bounded. Indeed, it can be proved that the 
motion of the particle is correctly governed by a dispersion relation of the form 
P M P M = m 2 , where here and in the following the dimensional index (4) is dropped. 
Nevertheless, in general as a consequence of the coupling to the scalar field, the 
mass is now variable and it is precisely related to the variation of the scalar field 
and the new coupling A (which has a pure extra dimensional origin) along the path. 
An interesting scenario concerning A to be investigated is Aooracf) 2 : by this way 
Eq. ([5]) admits an easy integration, providing a power law dependence of the mass on 
the scalar field and, more important, restoring the particle free falling universality 
when a vanishing electromagnetic field is considered, while the requirement A = 0, 
implies that the mass m is constant. 



3.2. Kaluza Klein field equations 

The revision of the consequences of the dimensional compactification in the KK 
spacetimes has finally led to the reformulation of the field equations in the matter 
in this revisited KK context. The full system of the 5D Einstein equation in presence 
of the 5D matter described by a 5D matter tensor *]~ AB is: 

5 G AB = 8ttG 5 T ab , (9) 

where the 5D Bianchi identity holds, while from the cylindricity hypothesis con- 
cerning the matter field it is d§T AB = 0, where G5 is the 5D Newton constant, 
T AB = T AB l(5), and G = G^IT^, where the coordinate length of the extra di- 
mension Z (5) = J dx 5 . The components T^" , Ttf, T55 are a 4D tensor, a 4D vector 
and a scalar respectively. Introducing the quantities T£" ttet = Z (5) 0T M1/ = </>T /il/ , 
jf = ek<pTg, and # = 0T 55 , we have: 

V M j" - 0, (10) 

that introduces a conserved current j M , related to the U(l) gauge symmetry and 
coupled to the tensor F^, together with the conservation equation for T£" Uel 

v, (rz t j = -<r (%jf\ + (u) 

coupled to the field <$> and A^ by the matter terms T55 and and representing the 
energy momentum density of the ordinary 4D matter. 

In the limit = 1 we recover the conservation law for an electrodynamic sys- 
tem, and setting T55 = j M = it is VT^ ttcr = 0. Taking now into account these 
definitions, the reduction of Eq. ([9| leads to the set 

&»> = - (Vd"<f> + 8irTZG - g^U<p + 8irGT^ tt ) , (12) 
9 

□</> = (r mattM + 2~) - GcfF^F^, (13) 
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for the Einstein and KK field, where 

2= 8 + 8?rG > ( 14 ) 

the KK Maxwell equation is now 

V„ (<f> a F v > t ) = 4ttj / *. (15) 

In such a scenario the function i? is still undetermined and it should be fixed for a 
given background, while the reduced field equations correctly describe an Einstein 
Maxwell system and the full KK dynamics in presence of the matter source terms. 
The model function $ plays a similar role to the model parameter A in the equations 
for the test particle dynamics. With respect to the pure Einstein Maxwell system 
there are now two additional scalar fields: the usual KK scalar field, <fi, plus a scalar 
source term, i? = 1 {S) 4>T^. 



4. Generalized Schwarzschild spacetime 

In this section we introduce a special family of metrics, solutions of the electro- 
magnetic free 5D vacuum KK equations (l 49 l 50 l 51 l) . This metric family has many re- 
markable properties: firstly its 4D counterpart is spherical symmetric (4D spherical 
symmetry) and it is time independent: the ordinary 4D spacetime M <4> of the direct 
product M <4) ®<S (1) is spherically symmetric; in other words the sections t = const, 
r = const and x 5 = const of M (5) are S {2) (spherical surfaces in the ordinary 3D 
space). In addition, for suitable limits on the family parameters these solutions can 
be reduced in their 4D counterpart to the Schwarzschild metric. For this reason this 
set of solutions is also known in the literature as Generalized Schwarzschild space- 
time (GSS). This is a particularly interesting and versatile case to study because 
of its symmetric properties, and the amenability to a known 4D spacetime scenario 
widely studied in the astrophysics of the 4D Universe, The one parameter family of 




Fig. 1. The extra dimensional scale factor <j> = \/ — 555 as function of r/M and k. 
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metrics is 

ds 2 (5) = A(rY k dt 2 - A(r)- e ^-^dr 2 - r 2 A(r) 1_e(fc_1) c?fi 2 - A(r)- e dx 2 5 , (16) 

in the 4D spherical polar coordinat^] {t, r, 9, tp} where dVt 2 = sin 2 Odip 2 + d9 2 , 
where A(r) = (1 — 2M/r), with M is a constant. Each values of the parameter 
k > sets a specific metric of the family, the parameter e > is in fact constrained 
by e 2 (k 2 - k + l) = 1. For a review about the constraints on the k parameter see 
^and^. The GSSs are asymptotically flat and, for each finite value of k, GSS has 
a naked singularity situated in r = 2M, that resolves in a black hole only in the 
Schwarzschild limit for (e, k). The Schwarzschild limit is recovered on the spacetime 
section dx 5 — for e — > 0, k — > oo. 

Moreover, as r approaches 2M, g u reduces to zero while t/55 explodes to infinity, 
therefore the length of the extra dimension increases as well as r approaches 2M, 
Fig. (§. 

These solutions represent extended objects: the GSS naked singularity is sur- 
rounded by the induced scalar matter with a trace free energy momentum tensor. 

The constant parameter M is related to the mass of a central body which is 
supposed to act as source of the gravitational field. Noticeably, the Schwarzschild 
limit is obtained when 0=1, and in this limit M is the Schwarzschild mass. In 
fact, the total mass of this configuration has been calculated with many different 
definitions (see for example^), we refer here to the gravitational mass M g , inside 
a 3D volume, as given by the Tolman-Whittaker formula: M g = J (T ° - - T 2 2 - 
T^)^— g^dVz that can be written in isotropic coordinate as M g (r) = (2ek / a)[(ar — 
l)/(ar + l)] c where a is a constant related to the mass of the central body, (see^l 
and references therein). This is, in the Schwarzschild limit, M g = M; while, for 
each finite value of k, it is M g = ekM at infinity and it goes to zero as r closes the 
singularity and dVs is the ordinary spatial 3D volume element. 

Hence, for every finite values of k, GSSs are naked singularities surrounded by 
the induced scalar matter, and only in the limit k — > 00 they are black holes with 
an horizon in r = 2M and vacuum for r > 2M. 

But, despite of the naked singularity feature showed far from the Schwarzschild 
limit, GSSs are supposed to describe in principle the exterior spacetimes of any 
astrophysical sources characterized by the required symmetries, embedded in a cloud 
of a real scalar field. This consideration gave rise to the work in where an internal 
solution of the 5D KK equations was found as model for a stellar object in the 4D 
Astrophysics. Here we consider GSS with k > 1 as the (5D vacuum) spacetime, 
surrounding a compact object with a radius R > 2M. 

In the attempt to provide any possible constraints for the k parameter many 
efforts have been made to simulate known astrophysical objects with a metric ( |16[ ), 
ic it was attempted to identify a spacetime generated by the selected source (for 
example the solar system) with a certain family metric, associating the gravitational 

b Consider t e 5R, r e ]2M, +00] C SR+, 6 [0,7r], tp 6 [0, 2tt] 
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source to a specific k, l 44 l 52 l 53 l 5 H However modelling the Sun by a GSS, requires a 
fine tuning of the characteristic parameter ^ and in any case the various works 
and estimates associated with this model show that extra dimensions should play a 
negligible role in the solar system dynamics. The tests elaborate inl 28 ! 29 ! 30 ! 31 ! 32 !, and 
briefly discussed in the following sections, within the Papapetrou approach stay as 
a valid alternative to these studies. 



5. Test particle dynamics in the Generalized Schwarzschild 
spacetimes: the Papapetrou analysis 

In this section we illustrate the main results concerning the time like circular orbits 
in the GSS within the Papapetrou approach. Considering the 4D momentum = 
mu^ the mass m is a function of the radial coordinate r, constant along the circular 
orbits (at fixed r). In the Schwarzschild limit, or asymptotically, where 0=1 we 
have m = mo = const. It is always possible to build the constants of motion E and 
L defined as follows: 

E = £,(t) p a = m 9tt ut , L = i{<p) p a = mg^v^ , (17) 

where £° t ^ and are metric Killing fields, thus E and L, functions of r and fc, are 
interpreted as the energy at infinity of the particle and the total angular momentum, 
respectively. 

Adopting the standard procedure we define an effective potential 



describing the motion of a test particle of mass m in a circular orbit around the 
source in terms of the ID motion of a particle in an effective potential V e ff,^. This 
function of the position r and the orbital angular momentum L, takes into account 
the centrifugal effects, through the angular momentum, and the gravitational field 
through the explicit dependency on the metric components g u and g v(p . However, 
the dependence on the fifth dimension through the scalar field is enclosed by the 



mass factor m that appears explicitly in Eq. (18), this term, as seen in Section (3.1 1, 
also depends on the particular KK model beyond the choice of the parameter A. 

The orbital angular momenta and the particle energy in terms of the orbital 
radius r, can be obtained by solving the equation 

K//=0, V eff =E. (19) 



Equation ( 19 1 can also be solved by the radius r in terms of the orbital momentum L. 
These radii will generally depend on the intrinsic properties of the source, and on the 
particular adopted Papapetrou model (A), thus in this case it will her = r(M, k; A). 
As in the Schwarzschild case a set of particular orbits exist that determine the 
stability regions for circular orbits. Specifically, this is thelast circular orbit radius 
Ti co and the last stable circular orbit radius ri sco . These correspond to the maximum 
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and minimum of the effective potential as a function of r respectively. They are 



solution of Eq. (19) with V"tf < for r ;co and V'Jff > for r tsco . 

In general one can say that in the region r < ri co there are no circular orbits, 
while circular orbits in r/ co < r < ri sco are unstable, and finally all orbits with 
T > fisco are stable. Clearly one can expect that these particular orbits and the 
regions of orbital existence and stability are deformed respect to the orbital regions 
in the 4D Schwarzschild case. Each GSS is in general characterized by a couple of 
different (r; co , n sco ). However it is possible to show that ri co /M = [1 + e(2k — 1)] 
turns to be a function of k only. In ^different scenarios for the test particle circular 
orbits were addressed considering the cases A = 0, A ^constant and A = f3m(j> 2 , 
where j3 is a real number. In the next sections we will outline the main results of 
this research showing in particular the deformation of the orbital stability regions 
respect to the 4D Universe model. 



5.1. The case A — 

In the KK scenario defined by A = 0, all the charged and neutral test particles in 
the GSS follow a geodesic equation 

(4) V M u' y = 0, with d^m = 0, (20) 

in the ordinary 4D spacetime, where to is a constant and no scalar field coupling 
term appears. The quantities with subscript (o), identify here and hereinafter the 
constant quantities determined by the initial conditions. 

Studying the potential V e ff as function of the orbit radius r, we find the particle 
energy E and the angular momentum L of the circular orbit We recover the last 
circular orbit radius and the last stable circular orbit radius 



ric 



[1 + e(2k - 1)] M, ri aeo =\l + e(3k - 2) + ey/(k - l)(4fc - 1)1 M . (21) 



function of k. It is n co < 3M and it reduces to the Schwarzschild limit ri co = 3Af 
for large k l 32 l 42 l However, at the decreasing of k, the last circular orbit radius 
approaches the point r = 2M in particular for k — 1 it is n co = 2M. On the other 
hand it is ri sco < 6M Vfc > 1 and for k = 1 we have ri sco = 2M while in the 
Schwarzschild's limit we have ri sco = 6M. 

Thus, in this case the analysis of the circular orbits and their stability has 
provided a significant constraint on the possible GSS and the physics of the 4D 
reduced Universe by the KK Papapetrou procedure. Indeed, the orbital region where 
the circular motion is allowed and the orbital region in which these orbits are stable 
are in general larger then the analogous regions in Schwarzschild spacetime as much 
as the reduced solution deviates from its Schwarzschild limit. Fig. ([2])-left shows the 
radii ri sco and r; co as functions of k and their asymptotic limits, the energy Ei sco 
and the particle angular orbital momentum L\ sco in the last stable circular orbit 
are plotted. It is E\ sco < 2 v / 2/3m = 0.942809m its Schwarzschild's limit for all 
values of k > 1, while {Li sco = 2\/3Mm — 3.4641Mm) Schwarzschild's limit value 
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for k > 3.45644, Fig. However, as noted in ^ this fact should not be read as 
a direct consequence of a possible motion along the fifth dimension, since Eq. ( 20 ) 
does not depend on it, neither on g 55 . We interpret this fact as a feature related 
to the deformation of the Schwarzschild metric as long as k is sufficiently small 
and this seems to be confirmed also by the fact that Eqs. (20) are the same that 
obtained from the geodesic approach with lu§ = 0. 



5.2. The case A — const 

In the model A — constant =^ the particles follow the curves 

«-^ = («V-^)(2^) rn=^ + m -^. (22) 

Note that in this case the mass is in general a function of the adopted model through 
the selection of the parameter A and indirectly function of the orbital radius through 
the scalar field cf>, that regulates the size of the fifth dimension. However in the 
Schwarzschild limit it is m = too and if we set A = 2m,Q(f) 2 it is to = A/2(j) 2 . 
From the effective potential we find: 

y[W [4 + (15fc - 8)e 2 + 5(8 - gfcjg] + M [3 + e(2 + k - lie + 5fce)] 

ri co ee M 1 + e (2k ~ 1) r isco ee —— — — 

(2 + k)e 

(23) 



It should be noted that the orbital radii in Eq. (23) do not explicitly depend on 
A, Fig. Q-center. As for the model A — also in this case it is r; sco < 6M for 
each k. Nevertheless we note that in the case A ^ 0, the energy Ei sco /mo and the 
momentum Li sco /(moM) are considered as functions of Too only. The mass m/A 
has been plotted in Fig. ([3]), as function of r/M and k. 

5.3. The case A — (3mcj) 2 

Finally we set A = (3m4> 2 , with f3 £ 5ft. In this model the test particles will follow 
the curves 

u« ^ a u» = („V - g bc ) d -fp, m = ^, (24) 

as for the case A =constant^ the mass to is no more a constant, but here TOo^q = 
const. The A =constant case is recovered with ft = 2 and A 2 — Am^^ . With the 
parameters A 2 ee m 2 ^, where A > and (3 = 2n with n G Z. In^it was shown 
that for k > —f} 

r lco ee M [1 + e(2k + 1)] , 
.,3 + e[k + + (-3 + k + 2fc/3 - f3{2 + f3))e] 
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Fig. 2. Last circular orbits radius ri co /M (gray line) and last stable circular orbit radius r[ aco /M 
(black line) as functions of the k parameter are plotted, for A = (left plot) and A =constant 
(right plot). Inside plot: the Ei aco /m (black line) and L[ gco /m (gray line) are plotted as functions 
of k. Schwarzschild's limits for the energy, the angular momentum and the orbits are also plotted 
(dashed lines). Center plot: case A = /3m(/> 2 last circular orbits radius ri co /M (gray, surface) and 
last stable circular orbit radius ri 3co /M (light gray surface) as functions of /3 and k. The black 
plane is ri sco = 6Af . 




Fig. 3. Case: A =constant^ 0. The mass in/A as function of k and r/M. 

JI+ [-3fc(l + 2/?) g - 1) + (2 + gj g - 4 + (g + 2)g)] 
+ (fc + /3) £ 

and ri co < 3M, notice that in this case the last stable circular orbit radius depends 
on the two free parameters, k and j3. Moreover r; sco < 6M for j3 > 0, while for 
(3 < and k > — /3, r isco > 6M is possible. For (3 = 2 we recover the same physical 
situations sketched in the case A = 0. Fig. ([2])-right plots ri sco and r Zco as function 
of (fc, 0) the planes of their asymptotical limits are also shown. We note that in 
general ri sco < 6M and the difference \r [sco — 6M\ increases with (3. 
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1=1 




Fig. 4. Metric coefficients, / (dotdashed line), h (dotted line), q (dashed line), 4> (black line) and 
the density p (gray line), where p = ap b , as functions of the radial coordinate, in unit of mass M, 
b = 1.27. k = 5, a = 0.45 po = 2 x = 9 • 10 5 . Center: the potential V;(r, k) for I = 1 and as function 
of k and r/M. Right: electromagnetic energy spectra for particle falling into a GSS background 
with different values of k is plotted for multipole £ = 1 and 7 = 100. 



6. Stars in five dimensional Kaluza Klein theory 

In ED a 5D interior solution of the KK equations was found that matches the GSS 
at some radius r — R. The existence of such configuration allows to remove the 
naked singularity that characterizes the GSS. This solution has been interpreted as 
a 5D stellar model (say a KK star) with a perfect fluid coupled with scalar field 
such that a cloud of real scalar field surrounds the 4D object. This solution has 
been used as the source of the gravitational field in "21 in the analysis of the EM 
emission spectrum of a test particle radially infalling in this spacetime towards the 
surface of this stellar object. 

The KK equations for the free electromagnetic case with d = are, 



Guu = i ( - 9lMJ y (p - 3p) + SnT^ , (25) 

□0=y(p-3p), V p (T^) = 0, (26) 

with (4D) perfect fluid energy momentum tensor, T M „ = (p + p^u^Uv —pg^v, where 
the pressure p and the density p are related by the equation of state p — ap b with 
(a, b) constants. The metric has the form 

ds% } = fdt 2 - hdr 2 - qdil 2 - <p 2 (dx 5 ) 2 , (27) 

where (/, h, q, (f>) are functions of r only. Some results of the numerical integration 
are shown in Fig. Qdeft: metric components and the matter density p are plotted 
as function of the radial coordinate r: fixing k = 5, some initial conditions are 
given as the central density po = 2 and the scalar field at center 4>q with 4>' , both 
have been set as function of a free parameter x, fixed a priori in order to match 
the GSS on the star boundary, see for details This stellar model represents a 
spherically symmetric and stationary star in the 4D Universe, whose matter can be 
described as a perfect fluid with a given polytropic equation of state. However, with 
respect to the correspondent solution of the Einstein equations that meet at the 
board the Schwarzschild metric, this KK star is surrounded by a claud of extended 
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scalar matter. This is clearly a toy model, and yet it is still only a first attempt to 
study this kind of objects, and it should be studied with greater and deeper detail 
especially paying attention to the behavior of the ordinary matter by which it is 
supposed that the star is done. Another important issue concerns the equilibrium 
and the phases of the stellar evolution that eventually can lead to a collapse with 
the formation of a singularity. However we have assumed that the stellar surface is 
at some radius r = R, it should be also noted that this radius can be, in general, 
very close to the Schwarzschild radius r = 2M. 



7. Electromagnetic radiation emitted by a radially falling particle 

In ^ it has been provided the profile of the EM emission spectrum of a charged 
particle radially falling on a GSS toward a KK star: it was assumed that the source 
of the gravitational field was a 5D stellar object as discussed in Sec. ([6]). This 
assumption has led to some specific hypothesis on the boundary conditions for the 
differential equations describing the spectrum: having in mind that if the star model, 
solution of the 5D equations with a perfect fluid, "differs little" from the analogue 
4D model, we assume the presence of a possible extra dimension went sought in 
the "small deformations" of the spectrum as expected in the EM emission from a 
charged particle infalling in the Schwarzschild spacetime. Here we concern on the 
simplest scenario where A = 0. Topic is discussed in more details in the cited works 
l 29 l 32 l We consider the charged particle dynamics in a region r > R = 2(1 + 10~ a )il/, 
with a > constant and we compare the dynamics in GSS with the dynamics in 
the Schwarzschild geometry. 

In general, the motion of a radially falling particle is regulated by the t com- 



ponent and r component of the geodesic equation (20), with 9 = tp = 0, see for 
example EMU We introduce here the concept of the velocity in the r direction 
v r = r' = dr/dt. while the locally measured radial velocity is v* = = dr* jdt 
where dr/dr* = \J —gttj 9rr — A ek ~ e / 2 . The radius at which the radial velocity v r 
starts to decreases will be denoted g^and in the Schwarzschild limit it is g = 6M, 
otherwise we have p = p(k) < QM. The velocities v r and v* are functions of (r, k) 
and they tend to zero at (spatial) infinity. The radial velocity v r goes to zero in 
the limit r — > 2M, and the local measured velocity v* goes to (—1) for r — > 2M, 
see Figs. ^ and | 42 | 40 | 29 | 32 l The charged test particle motion and the emitted EM 
radiation is considered as perturbations of the background metric, the EM radiation 
is regulated by 

du W^di^D = 47r N /= ff4 J' 1 , (28) 

where f^ v is the Faraday tensor expanded in (4D) tensor harmonics (¥i m {£l{t))) , 
see^. In agreement with the Zerilli notation l 58 l 59 l 60 l (/ A " y ) denotes the radial (angle 
independent) part of the Faraday tensor, while the J M is the 4D current I 41 ! 40 !, thus 
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Fig. 5. Left: The picture shows the coordinate velocity component in the r direction v r = r' 
dr/dt, for a particle starting from a point at (spatial) infinity as function of r/M and k. Right: 
the locally measured radially velocity v* = rj, = dr* /dt, where dr/dr* = y/gtt/grr = A efc-e / 2 . 
plotted as function of r/M and k. 



according with the Zerilli's procedure, we find the following equation 
d 2 f(uj,r) 



dr 2 



+ [J 1 -Vi(r,k)] f(u,r) = S t (u,r), 



(29) 



and Si(uj,r) is the source term explicitly given in this is a function of r and 
7 = , 1 , where Woo is the (radial) particle velocity at spatial infinity and of the 

potential V;(r, k): 



Vi{r,k) 



1(1+1) A 



2ek- 



V (r,k), 



where 



V (r,k) 



3e M 2 A 2ek ~ 



4 ek + 1 



r 

Jl 



+ e 



(30) 



(31) 



4 r 4 

(se d 58 l 59 l 60 l 30 l for the current use of the notation). In^Hlthe Sturm Liouville prob- 
lem for the function f(u>,r) was solved using the Green's functions method. First 
the associated homogeneous (Si(u,r) = 0) equation has been solved. We used the 
solutions of this equation to build the Green's function G(r,r') of the problem. It 
was required that the outgoing radiation is purely oscillating at infinity. The energy 
spectra at (spatial) infinity was therefore given by 



dE 

d'jj 



\- dE l 

^ duj 

i 



1(1 + 1) 



i 



2- 



I J^OUt 



Ml 2 



(32) 



where ui > and where A° ut 



is a function of oj only. Adopting a Runge Kutta 
method, we first integrated the homogeneous equation for a fixed value of k to 
obtain an evaluation of the function /; with the required boundary condition. The 
numerical integration started at R= (2+ 10~ 6 )M, that is a source boundary very 
close to the Schwarzschild limit r = 2M. It is stopped at large values of r as well 



as the integrals converge. We integrated Eq. 



k = 1000, 10,5. The potential is plotted in Fig. (14 (-center. 



numerically for r > R and for 
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Once the values of the parameters (7, 1) are fixed, the integration has been per- 
formed for many fixed values of u. It was so proved that the spectra profile, at large 
k (say k >• 5) substantially coincides with the one emitted by a charged particle 
falling in the Schwarzschild background For a fixed k, we note here that the 
homogeneous equation is a "Schrodinger-like" equation for the function /(w,r*(r)) 
with a potential VJ(r*(r),fc). However, to fix the boundary conditions for a fixed 
k is clearly important the analysis of the potential Vi (r, k) at infinity and at the 
starting point of integration. This function is plotted in Fig. Q-center showing 
the dependence from r/M and the parameter k. Asymptotically, for large value of 
r, the potential Vi(r,k) decreases to zero, it vanishes as r approaches 2M in the 
Schwarzschild limit. Far from this limit, ie for small values of k on r = R, the start- 
ing point of the integration, the potential is finite and very small (see details in^), 
this point in our model coincides with the boundary of the stellar object. We assume 
a regular condition on the stellar surface with respect to the radiation emitted by 
taking the potential to be zero a r = R. The homogeneous equation is then solved 
imposing that the solution is ingoing at R and a combination of "incident" and 
"transmitted" waves at spatial infinity. We have taken the star surface in r = R 
is totally absorbent respect to the EM radiation that invests it, which therefore 
can be represented by the boundary condition on the surface with totally ingoing 
component. But within the context that we are analyzing the behavior of EM radi- 
ation which invests the gravitational source, has clearly an evolution determined by 



the gravitational field generated by the KK source. In Eq. (29) this information is 
encoded particularly in the potential, which is modulated by the distortion of the 
spacetime metric. In this regards, we note here some considerations concerning the 
Vi . The emission spectrum, being in fact governed by the function Vi , is determined 



by the boundary conditions that, according to this, are fixed. From Eq. (30) the po- 
tential depends on several variables, namely the radius r, the multipole order I, the 
source mass M and the parameter k, which precisely sets the background metric, 
but it does not directly depend on the scalar field and then from the extra di- 
mension. The peculiar behavior of the potential at the Schwarzschild radius, differs 
greatly from the potential Vi in the Schwarzschild spacetime diverging ar r = 2M. 
This fact is not directly attributable to a possible influence of the extra dimension, 
but rather to the nature of the naked singularity located in r = 2M, this specula- 
tion seems confirmed by the fact that the potential is stabilized (at a variation of 
k) in that point, being regularized to zero on the limit for the Schwarzschild metric 
parameters even in the full (not 4D reduced) 5D model, that is even when the scale 
of the extra dimension is a constant but ^ constant. On the other hand, as 
discussed in Sec. Q, the scalar field that regulates the size of the fifth dimension 
diverges as one approaches the singularity. Other examples of similar studies which 
discuss the emission and electromagnetic propagation in the spacetime with naked 
singularity may be found in |62|63|64|65|66|67|68|69|70|7i|72 [ 

A spectra profile is plotted in Fig. (fill-left for 7 = 100 and I = 1, see also^. 
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A general feature of the emitted spectra for the Schwarzschild's case is to grow up 
to a critical value (corresponding to a critical frequency lo for a fixed multipole) 
and then rapidly flow down to zero^. We found that for a fixed 7, the spectra 
profile coincides with that of the Schwarzschild's case as well as k is sufficiently 
large (k > 5). However there is an increase of the energy emitted rate per frequency 
dE/duj, at fixed value of to and fixed multipole I. There are significant discrepancies 
with the Schwarzschild's case for k < 5 where, for low frequencies, a peak in the 
spectra profile appears also at large 7. 

8. Discussions and future perspectives 

A nontrivial question concerning any extra dimensional geometrical theory, arises 
on the non observation of the extra space in a Universe that is viewed according to 
the 4D model of the General Relativity. The compactified 5D Kaluza Klein theory 
provides a natural response to this problem assuming a closed extra space, with a 
volume much smaller then the minimal observed scale in the present day experiment 
of high energy physics, say C(10~ 18 cm). There is a great deal of attention in notice 
any discrepancies in the current observations with respect to the predictions of the 
standard theoretical setup, that could be possibly explained by an extra dimensional 
theory. Any experimental observation could provide then a strong constraint con- 
cerning the validity of the extra dimensional hypothesis. In particular one can search 
for new phenomena, unpredicted by the current models, but explained in a multi 
dimensional framework. One can search for the extra dimension evidences in the 
microscopic world | 73 | 74 | 75 | 76 ] r also in the astrophysical scenarios | 77 l 7 8|79|80|8i|82|83| 
In both cases, the validity of a multi dimensional theory is bounded for providing 
a theoretical model able to reproduce the compatibility of the extra dimension in a 
world that looks like a four dimensional one, requiring essentially the reproducibil- 
ity of the reduced Universe and its physics in a suitable limit. In this respect a 
problem, in particular, plagues the 5D KK models concerning the particle charge 
to mass ratio as obtained from the geodesic motion in the standard approach: it 
is generally assumed the existence of a 5D particle generalizing its concept from 
the 4D Universe to a 5D world and assuming that the particle dynamics, not sub- 
jected to any forces in the compactified model, could be simply described with a 
5D geodesic generalized from the equivalent 4D geodesic. Basically this approach 
states that the particle motion projected along the fifth dimension, when it is not 
subjected to forces in the KK spacetime, can be also a 5D geodesic. Recently, con- 
testing the validity of the 5D geodesic assumption with respect to the projection on 
the compactified dimension, has emerged the need to address the issue of the test 
particle motion within the extra dimension with closed topology in a different way, 
which takes into account the quasi Plankian scale of this extra space. This problem 
was approached by a Papapetrou multipole expansion assuming a generic energy 
momentum tensor centered on the 4D trajectory. The resulted dynamic equations, 
are very promising and albeit able to describe correctly the 4D dynamics, they have 
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proved to solve in particular the problem of the charge to mass ratio. 

In this paper we adopt this multipole approach to the matter dynamics in the 5D 
spacetime of the KK model. We reformulated the test particle motion and the KK 
field equations finally arriving to a model of a 5D stellar configuration (KK star). 
We have presented a review of some astrophysical phenomenology that can lead, 
through the direct comparison between the observations and the model predictions, 
to test the multi dimension hypothesis viability. Following the works 28 29 1 30 | 31 | 32 ] we 
explored, by an effective potential approach to the motion, the dynamic stability 
around very compact objects; the stability regions and the energies of the mov- 
ing bodies were found to be significantly different from those expected in the 4D 
model resulting from the Einstein theory. Inland in Sec. ^ of this review we have 
showed that the spectral analysis from the sources of the high energy Universe could 
in principle provide a test to constrain the multidimensional theories appearing in 
a departing of the EM emission spectra from that expected in general relativistic 
calculations (see also l 16 ! 21 ! 25 ! 27 ! 61 ! 8 !! 8 ^ ^ -j,^ cons truction f a stellar object in this 
extra dimensional scenario has consistently proved the existence of a source of the 
gravitational field, that looks, in the asymptotical limit of Minkowski spacetime as 
and ordinary star described by the Einstein equations. We have assumed partic- 
ular spacetime symmetries such that this KK star can be conveniently viewed in 
comparison with the source of the Schwarzschild spacetime. 

In conclusion the results, are convincing and promising under many respects. 
First, the revision of the dynamics in the compactified scenarios provided by the 
multipole expansion is capable to solve different problems of the standard approach 
to the KK models (in particular the charge to mass ratio puzzle for elementary 
particle). This reinterpretation started from a reasonable discussion on the laws of 
motion in the spacetime geometries with a Planckian scale dimension, investigating 
the consequences in the dynamics as seen in the macroscopic world. 

The propose to search the effects of a possible extra dimension in the high 
energy Universe is convincing as confirmed by the results obtained also in the simple 
analysis of the test particle motion and the emission spectrum: the discrepancies 
highlighted between the predictions of these models and the general relativistic ones 
are small but may be detectable. 
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